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Anomalous diﬀusion mediated by atom deposition into a porous substrate.
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Constant ﬂux atom deposition into a porous medium is shown to generate a dense overlayer and
a diﬀusion proﬁle. Scaling analysis shows that the overlayer acts as a dynamic control for atomic
diﬀusion in the porous substrate. This is modeled by generalizing the porous diﬀusion equation
with a time-dependent diﬀusion coeﬃcient equivalent to a nonlinear rescaling of time.
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Thin ﬁlm depositions on substrates are important in
many physical processes and applications. Moreover, deposition on porous substrates is particularly useful for
catalytic systems [1, 2] in which atomic deposition carried
out by plasma sputtering is then coupled with the diﬀusion of the atoms into the porous substrate. Diﬀusion
in a porous medium is generally anomalous and is characterized by the mean square displacement < z 2 (t) >:
it evolves with a power law in time tα diﬀerent from
the well known linear behavior ( α = 1) for normal diffusion. Anomalous diﬀusion [3, 4] is a general process
that can be observed in many domains such as transport
in porous [5] and/or fractal media [6], surface growth
[7], solid surface diﬀusion [8] or hydrodynamics (rotating ﬂows [9], turbulence [10] or diﬀusion in an array of
convection rolls [11, 12]). It can be described by diﬀerent models that involve space-dependent diﬀusion coefﬁcients [3, 4, 13–17]. In these models anomalous diﬀusion is included through the propagator (the solution of
the diﬀusion equation starting with a Dirac distribution
at t = 0) that exhibits both power laws and stretched
exponential behaviors. Here, we study platinum deposition by plasma sputtering on a porous carbon substrate.
The platinum atoms are sputtered by the plasma ions
and travel to the substrate so that both deposition and
diﬀusion processes can depend on plasma operating parameters. The experimental results consist in a measure
of the density proﬁles of the deposited matter at diﬀerent times. The goal of this Letter is to characterize this
diﬀusion-deposition process in a porous carbon medium
using the time evolution of the platinum density proﬁle.
Platinum atoms are deposited by plasma sputtering
into a porous carbon layer supported (See Fig. 1) on
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a carbon cloth. This porous layer is a few tens of microns thick and is composed of randomly stacked carbon nanoparticles (Vulcan XC 72) and PTFE particles
brushed onto the carbon cloth. The speciﬁc area is
15 m2 g−1 before Pt deposition and slightly lower at 13
m2 g−1 after Pt deposition. Examination of Fig.1 shows
the pore size reduction. Platinum atoms are deposited
onto this porous carbon layer and diﬀuse in the course
of deposition. The platinum deposition reactor is a previously described [1, 2] plasma sputter system which delivers a constant deposition rate. An argon plasma is
created in the stainless steel deposition chamber 18 cm
inner-diameter and 25 cm-long by using an external planar antenna (also known as TCP antenna). The porous
layer is placed on a movable grounded substrate holder
in front of the platinum sputter target with a targetsubstrate distance of 4.5 cm. The porous layer is thus
exposed to a ﬂux of sputtered platinum, into which it
diﬀuses under the operating conditions. The diﬀusion
process was studied at argon pressures of 0.5 and 5 Pa,
leading to a mean kinetic energy Ek of the sputtered
Pt atom around 7 eV [2] and 0.04 eV respectively [18].
The resulting platinum depth proﬁles were measured using Rutherford Backscattering Spectroscopy, which gives
an indirect measure of the average density as a function of the depth z. The density is obtained by ﬁtting
the experimental spectrum with a spectrum derived from
a deﬁned proﬁle function. Firstly, we observe that the
platinum proﬁle can in fact be decomposed in two distinct regions: a growing layer above the porous medium,
of mean thickness h(t) = z0 (t) and constant density
ρ(z, t) = Z1 (t), −z0 (t) < z ≤ 0 and a density proﬁle
ρ(z, t), z > 0 in the porous medium (which extends in the
z > 0 domain, z = 0 corresponding to the porous interface). The Pt depth proﬁle is thus deduced by minimizing
the diﬀerence between the experimental RBS spectrum
and the simulated RBS spectrum using the proﬁle de-
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FIG. 2: (Color online) Pt depth proﬁles in porous carbon at
diﬀerent successive deposition times. z = 0 corresponds to
the porous carbon layer surface

FIG. 1: Scanning Electron Microscopy top view of porous
carbon layer a) before Pt deposition b) after Pt deposition
(Courtesy D. Cot, IEMM CNRS-ENSCM-Univ. Montpellier
II)

ﬁned by Eq. 1. It corresponds to the known solution of
anomalous diﬀusion processes [2] i.e. a stretched exponential.
ρ(z, t) = Z1 (t),
ρ(z, t) = Z1 (t)e

2+θ
2 (t)

z
−Z

,

−z0 < z ≤ 0
z>0

(1)

where θ is the dimensionless coeﬃcient which characterizes the anomalous diﬀusion behavior [13–15].This ﬁtting
procedure leads to the error bar of the exponent θ as
reported hereafter. The density proﬁle is continuous at
the interface between the growing platinum layer and the
porous medium at z = 0 so that we have ρ(0, t) = Z1 (t).
Z2 (t) is the time dependent spreading of the stretched exponential. Such a proﬁle suggests that the particle ﬂux
delivered by the plasma sputtering cannot be absorbed
directly by the porous layer with the result that a fraction of the incident atoms have to deposit at the interface.
It also implies that the diﬀusion process into the porous
layer is a consequence of both the diﬀusion of the platinum atoms that have penetrated into the substrate and
the diﬀusion of those absorbed at the interface.
Some ﬁtted platinum depth proﬁles at diﬀerent deposition times t in the porous medium are displayed in Fig.
2. The best ﬁts correspond to θ = −1.45 ± 0.05 ≈ −3/2
which suggests a super-diﬀusive behavior in the porous
medium (see below). Moreover, given θ = −1.5, Z1 (t)
and Z2 (t) asymptotically follow power law behaviors with
time (Z1 ∼ tm and Z2 ∼ tp ) with m being 0.40 ± 0.05
and p being 0.20 ± 0.05 as shown in Fig. 3(a). h(t)
also obeys a less well deﬁned power law behavior with

∼ tn , n = 1.1 ± 0.1 . The mass of platinum inside the
porous medium is found to scale as t0.8±0.1 while the Pt
mass of the surface overlayer, Z1 (t).h(t), scales as t1.5±0.1
as shown on Fig. 3(b). However, we obtain an almost
linear evolution of the total mass (∼ t1.1±0.1 ) of platinum
deposited in and on the porous medium, as expected by
the experimental process. At the higher pressure, 5 Pa,
θ = −1.33 ± 0.05,m = p = 0.25 ± 0.05 and n = 1.0 ± 0.1.
Hence, a change of deposition conditions yields a change
of Pt concentration proﬁle within the porous carbon. To
help explain our results, we use a classical model of the
anomalous diﬀusion process [13–16] in fractal and porous
media, considered here in one dimensional space accounting for the in plane averaging (we can discard nonlinear diﬀusion in the porous media from the experimental
results) resulting in the following generalized diﬀusion
equation for the density proﬁle ρ(z, t) for z ≥ 0:


∂ K0 ∂ρ
∂ρ
=
(2)
∂t
∂z z θ ∂z
where θ is a real parameter characterizing anomalous diffusion and is a priori unknown. This equation is obtained
0
by postulating a distance dependence K
z θ of the diﬀusion
coeﬃcient in Fick’s law. Classical Brownian diﬀusion
holds for θ = 0, whereas positive (negative) θ corresponds
to sub(super)-diﬀusive dynamics where the mean-square
displacement scales as < z 2 >∝ t2/(2+θ) . The general
solution for this equation (the so-called propagator) exhibits a power law and stretched exponential behavior
and is given by [4, 13–17]:



−1/(2+θ)
z 2+θ
2
ρ(z, t) ∝ K0 (2 + θ) t
exp −
K0 (2 + θ)2 t
(3)
which holds for a normalization condition consistent with
mass conservation. Since the deposition is carried out
with a constant ﬂux, the total mass is expected a priori
to grow linearly and the solution to our problem should
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FIG. 3: (Color online) For the 0.5 Pa deposition, a) thickness
of the Pt layer h(t) above the porous medium and value of
Z1 (t) and Z2 (t) from the ﬁtted law (1) as a function of time
(log-log plot). The lines correspond to the power laws Z1 (t) ∼
t0.4 ,Z2 (t) ∼ t0.2 and h(t) ∼ t1.1 ; b) Amount of Pt mass in the
porous medium calculated using (1) as a function of time (loglog plot).

obey the boundary condition at z = 0:
K0 ∂ρ
= C0
z θ ∂z

(4)

where C0 is the constant ﬂux of platinum imposed by
the plasma sputtering. Therefore, the solution can be
obtained using the propagator solution (3) through a linear superposition consistent with the boundary condition
(4). It is in fact more convenient to investigate the solution in the following self-similar form:
ρ(z, t) = tβ f

z
.
tα

(5)

While the propagator obeys α+ β = 0 (constant mass solution), the constant ﬂux solution must have α + β = 1.
Inserting (5) into the diﬀusion equation (2) we obtain
1
while β is ﬁxed by the ﬂux condition. The
α = 2+θ
self-similar function f (ξ) is then the solution of the ordinary diﬀerential equation (ξ = z/tα being the self-similar

K0
(ξf  − θf  )
ξ θ+1

(6)

which gives the propagator solution (3) for α + β = 0.
Moreover, it can be seen that the density proﬁle for
large z follows the stretched exponential law (1) with
Z1 (t) ∝ tβ and Z2 (t) = K0 (2 + θ)2 t.
The predictions of this simple model do not agree with
the experimental results: from θ = −1.5, one would obtain α = 2 and β = −1 since we have the condition
α + β = 1. Hence, there is a marked discrepancy between
the experimental measurements (α ∼ 0.4 and β ∼ 0.4)
and the model even when the error bars of the experiments are taken into account. However, the underlying physical processes of atomic diﬀusion and the measured density proﬁles suggest that the general diﬀusion
equation proposed here is a good framework for modeling atomic deposition through plasma sputtering. It is
thus tempting to model the eﬀect of the growing external
platinum layer and of the plasma by keeping the same
equation with the anomalous diﬀusion coeﬃcient K(t)
and a ﬂux of mass at z = 0, both time dependent. Although we are far from a detailed microscopic derivation
of the model, it is postulated here that the growth of the
platinum layer has a screening eﬀect on the diﬀusion and
thus alters the mass ﬂux towards the porous medium. In
particular the platinum overlayer acts as a reservoir for
diﬀusion. In addition, the temperature distribution, not
accounted for directly by this model, is certainly inﬂuenced by the presence of the platinum layer. Since the
diﬀusion coeﬃcient is a function of the temperature, it is
probably time dependent. This time dependent diﬀusion
coeﬃcient can also be understood as a time rescaling and
it is needed in the framework of the diﬀusive equation
since it is the only way to change the time dependence
in the exponential law (3). We thus propose to model
the deposition/diﬀusion dynamics through the previous
equation (2) with a time dependent diﬀusion coeﬃcient
K(t):


∂ρ
∂ K(t) ∂ρ
=
(7)
∂t
∂z
z θ ∂z
The presence of the external growing layer is also accounted for by an a priori time dependent boundary condition:
K(t) ∂ρ
= C(t)
(8)
z θ ∂z
To illustrate the results with no loss of generality, we
will seek a power law behavior for a suﬃciently time. We
introduce two additional exponents  and γ such that the
ﬂux of atoms and the diﬀusion coeﬃcient follow:
C(t) = C0 t

K(t) = K0 tγ

(9)

The relations between the exponents are straightforward:
α=

γ+1
2+θ

and

α+β =1+

(10)

Eq. (7) can be understood by rescaling the time following
τ = t1+γ in terms of the initial diﬀusion equation (2):


∂
K0 1 ∂ρ
∂ρ
=
(11)
∂τ
∂z 1 + γ z θ ∂z
And we obtain the stretched exponential behavior for
large z in agreement with the experimental measurements:


(1 + γ)z 2+θ
(12)
ρ(z, t) ∝ tβ exp −
K0 (2 + θ)2 t1+γ
Within this general approach, we can now describe our
experimental results. For simplicity’s sake and to illustrate the model with no loss of generality, we estimate
from the experimental ﬁts that θ = − 23 , α = 0.4 and
β = 0.4 which leads to:
γ = −0.8

and

 = −0.2

This corresponds to a time decreasing diﬀusion coeﬃcient
such as t−0.8 and of the ﬂux at z = 0 such as t−0.2 . The
diﬀusion coeﬃcient is expected to decrease versus time,
while the porous medium is gradually ﬁlled by the platinum atoms. This leads to a more diﬃcult diﬀusion. At
the z = 0 interface, the growing external layer provides
an additional source for the diﬀusion of atoms inside the
porous substrate. Moreover a decreasing ﬂux indicates
that the growing external layer is gradually screening the
inﬂuence of the plasma, and that diﬀusion becomes less
eﬃcient due to pore ﬁlling as mentioned above. These
eﬀects are also observed at 5 Pa, with θ = − 34 , α = 0.5
and β = 0.25 which leads to: γ = −0.83 and  = −0.25.
These last two scaling exponents are very close to those
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